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A collection of self-propelled particles (SPPs) shows coherent motion and exhibits a true long
range ordered (LRO) state in two dimensions. Various studies show that the presence of spatial
inhomogeneities can destroy the usual long range ordering in the system. However, effects of in-
homogeneity due to the intrinsic properties of the particles are barely addressed. In this paper we
consider a collection of polar SPPs moving with inhomogeneous speed (IS) on a two dimensional
substrate, which can arise due to varying physical strength of the individual particle. To our surprise
the IS not only preserves the usual long range ordering present in the homogeneous speed models,
but also induces faster ordering in the system. Furthermore, The response of the flock to an external
perturbation is also faster, compared to Vicsek like model systems, due to the frequent update of
neighbors of each SPP in the presence of the IS. Therefore, our study shows that the IS can help in
faster information transfer in the moving flock.
Collective motion of self-propelled particles (SPPs)
or flocking is an ubiquitous phenomena in the na-
ture where each constituent of the system shows a
systematic motion at the cost of its internal energy
[1–5]. The flocks can vary in size from a few mi-
crometers e.g., actin and tubulin filaments, molecu-
lar motors [6, 7], unicellular organisms such as amoe-
bae and bacteria [8], to several meters e.g., bird flock
[9], fish school [11] and human crowd [12] etc. The
Vicsek model [13] is one of the most celebrated min-
imal model to understand the collective behavior of
SPPs [13], and unlike its equilibrium counter part
[14], the Vicsek model and other variants of this
model exhibit the existence of a true long-range or-
dered (LRO) state in two dimensions (2D) [13, 15–
18].
Majority of studies on these systems are performed
with a clean substrate or in a homogeneous envi-
ronment, however, natural systems are in general
comprised of various kind of inhomogeneities [19–
24]. The recent studies show that the presence of
spatial inhomogeneities breaks the true long range
ordering in system [19–27]. The studies of spatial
inhomogeneities can help us to understand the es-
cape dynamics and evacuation efficiency of crowd,
e.g. the impact of obstacle on the efficient evacua-
tion [28, 29] or effective obstacle positioning near a
narrow escaping door [30–32]. All these studies are
focused on the effects of spatially or external inho-
mogeneities, however, individual particles in a sys-
tem may have different strength of energy extraction
or physical strength which may act as intrinsic inho-
mogeneity. For example in a human crowd like the
Kumbh Mela in India [33] or the Hajj in Arabia [34]
and in a group of migrating animals each individual
member has its self-propulsion speed depending on
their physical strength. However, the effect of the in-
homogeneous speed (IS) amongst the SPPs has not
been studied to the best of our knowledge, except
in few recent experiments [35, 36] which show the
existence of the inhomogeneity in speed of SPPs .
In this letter, we introduce a collection of SPPs
where each of the SPP moves with a different self-
propulsion speed or the IS. Surprisingly, we note that
the presence of the IS accelerates the kinetics of or-
dering, and also the ordered state is long-range in
presence of the IS. More importantly, the response
of the flock to an external perturbation is faster for
larger IS among the SPPs, since neighbors of each
SPP are updated more frequently which leads to the
faster information transfer inside the system.
Model:- We consider a collection of N polar SPPs
moving on a two dimensional (2D) substrate of size
L×L with periodic boundary condition (PBC). Each
particle is defined by its position ri(t) and orienta-
tion θi(t) and it moves with velocity v
i
0ni(t), where
ni(t) = (cos(θi(t)), sin(θi(t)) is the unit direction
vector at time t and vi0 is speed of the i
th SPP. Un-
like the previous studies [13, 15, 16], speed of the
each particle is chosen from a Gaussian distribution
and it remains fixed during the motion. SPPs try to
follow their neighbors during the motion and inter-
act among themselves through a short-range velocity
alignment (ferromagnetic like) interaction [13]. We
express the position and orientation update equa-
tions of the SPPs as:
ri(t+ 1) = ri(t) + v
i
0ni(t), (1)
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ni(t+ 1) =
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Wi(t)
[∑
j∈R
nj(t) +N
i
Rη0ηi
]
, (2)
The IS vi0 is obtained from a Gaussian distribution
P (v0) =
1
σ
√
2pi
exp[− 12 ( v0−µσ )2], where µ is the mean
and σ is the standard deviation of the distribution.
In our simulations, we consider µ = 0.3 and σ is var-
ied from 0.0 to 0.05. The direction of motion of ith
particle is calculated from the previous direction vec-
tors of all particles inside its interaction range R = 1.
N iR is the number of neighbors within the interac-
tion range R of the ith particle. η is the random
unit vector (noise) to incorporate the error made by
the particle to follow its neighbors, and η0 defines
the strength of the noise. Wi(t) is the normalization
factor, which is norm of the vector inside the square
bracket on R. H. S. of Eq. 2.
To investigate the information transfer and response
to an external perturbation, we introduce a small
number of Na external agents in the steady state
of the system. External agents are immobile and
placed randomly on the substrate with fixed orienta-
tion θa. The SPPs interact with the external agents
through the same short range alignment interaction
defined in Eq. 2. Due to the quenched orientation,
these external agents act like a small external field
in the plane of the moving flock. The density of the
external agents ρa =
Na
N is one of the tunable pa-
rameter.
We study the response of the flock to the external
agents for various values of σ of the IS distribution
and density of external agents ρa. The strength of
the random noise η0 is chosen to be 0.2, such that the
steady is an ordered state, and the density of SPPs
ρs =
N
L×L is kept fixed to 1.0. 10
5 simulation steps
are used to obtain the steady state, and observables
are averaged over 10 − 30 independent realizations
for better statistics. Each simulation step includes
the updation of two update equations, Eq. 1 and
2, for all particles in the system. Total number of
particles in the system is varied from N = 104 to
105.
Ordered steady state:- In constant speed models or
Vicsek like models [13, 15, 16] ordered state exhibits
a true long-range order in 2D. In general the ordering
in the system is measured by calculating the global
order parameter which is defined as
V (t) =
1
N
|
N∑
i=1
ni(t)|. (3)
V ∼ 0 for disordered state and it is close to 1 for
completely ordered state. We start the simulation
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FIG. 1. (Color online) (a) Plot of average global order
parameter 〈V 〉 vs. 1/N is shown for different σ. Black
circles, red squares, green diamonds, and blue triangles
are for σ = 0.0, 0.001, 0.01, and 0.05, respectively. Error
bars are less than symbol sizes. Plot of P (∆θ) of the
SPPs at steady state for σ = 0.0 and 0.05 are shown
in (b) and (c), respectively. Black and red circles are
for N = 50000 and 100000, respectively. (d) The time
series of V is shown for different σ. Black circles, red
squares, green diamonds, blue triangles up and maroon
triangles down are for σ = 0.0, 0.005, 0.01, 0.03 and 0.05
respectively. N = 50000.
with random position and orientation of the SPPs,
and with time, the system slowly evolves to the or-
dered state V ∼ 1 for η0 = 0.2. The 〈V 〉 vs. 1/N
plot is shown in Fig. 1 (a), where 〈..〉 denotes av-
eraging over steady state time 5 × 104 to 105 and
10 independent realizations. We note that 〈V 〉 re-
mains independent of system size N , therefore, one
can safely show the LRO state even for finite value
of σ. Furthermore, we calculate the probability dis-
tribution function (PDF) of the orientation of the
particles P (∆θ) for different σ, where ∆θ is the de-
viation in the orientation of the particles from the
mean orientation direction. The width of P (∆θ) for
non-zero σ does not change with the system size N ,
as shown in Fig. 1(c). It further confirms the LRO
state of the system in presence of the IS similar to
the constant speed models as shown in Fig. 1(b).
The plot of V (t) vs. time t is shown in Fig. 1(d) for
four different values of σ among the SPPs. The sys-
tem takes less time to achieve the steady state with
increasing σ. This behaviour of the system suggests
that the IS among the SPPs accelerates the ordering
in the system.
Properties of the flock state:- We have already seen
that the system with IS exhibits a LRO state. How-
ever, the steady state features of the ordered state
changes with increasing σ. In Fig. 2, we show the
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FIG. 2. (Color online) Left column: Snapshots of the
system in the steady state is shown for different σ.
N = 20000 and time t = 100000. Color bar repre-
sents the number of particles in unit area. (a) Plot of
P (NR/a(σ)) vs. NR/Nc(σ) and P (NR) vs. NR (inset)
for different σ is shown. Acme blue, red, black, violet,
and teal color is for σ = 0.0, 0.0005, 0.001, 0.01 and 0.05,
respectively. N = 100000. (b) Variation of ∆φ vs. σ is
shown. Squares are numerical data, and solid line is the
power law fitting of the numerical data with exponent
∼ −0.2. Vertical lines shows the error bar. N = 50000.
real space snapshots of the system for four differ-
ent values of σ(= 0.0, 0.001, 0.01 and 0.05) at time
t = 105. In the constant speed model σ = 0.0, par-
ticles form isolated clusters which move coherently
in one direction. But these isolated clusters break
down and the system becomes homogeneous with
increasing σ. In the inset of Fig. 2(a), we plot the
PDF of number of neighbors P (NR) for different σ.
P (NR) vs. NR for σ = 0.0 decays with a long tail,
but the tail sharpens with increasing σ. Hence, av-
erage number of neighbors for each SPP decreases
with σ. The plot of P (NR)/a(σ) vs. NR/Nc(σ) is
shown in Fig. 2(a) (main), where Nc(σ) is obtained
from the exponential fitting a(σ) × exp(−NR/Nc)
of the tail of P (NR) and a(σ) is the pre-factor of
the fitting function. To further confirm the effect of
the IS on density clustering we calculate the density
phase separation order parameter ∆φ (the standard
deviation of particles among the sub-cells). We cal-
culate ∆φ by dividing the whole L× L system into
unit sized sub-cells. ∆φ of the system is defined as:
∆φ =
〈√√√√ 1
L2
L2∑
j=1
(φj)2 − ( 1
L2
L2∑
j=1
φj)2
〉
, (4)
where φj is the number of particles in each sub-cell
and 〈..〉 represents averaging over 20 realizations.
We note that ∆φ decreases with increasing σ with a
power 0.2 as shown in Fig. 2(b). Hence, the system
becomes homogeneous with increasing IS among the
particles.
Inhomogeneous speed helps in faster information
transfer:- We claim that the inhomogeneous speed
distribution enhances the information transfer inside
the flock, and a small number of quenched external
agents are introduced in the system to characterize
this behavior. In the presence of the external pertur-
bation the SPPs slowly reorient themselves along the
direction of the perturbation. Response of the flock
to external agents is measured by direction auto-
correlation function Co(t) of the SPPs:
Co(t) = 〈cos(θi(t)− θi(0))〉, (5)
where θi(t) and θi(0) are the directions of the i
th
particle at time t and at the reference time t = 0
(when the external agents are introduced). 〈..〉 de-
notes averaging over all the SPPs and 30 different re-
alizations. Co(t) shows an exponential decay e
−t/tc
with time, as shown in Fig. 3(a)(inset). tc is the
measure of time of a moving flock to reorient its
direction along the external perturbation. Further-
more, we also note that the auto-correlation function
shows an excellent scaling behaviour for different σ,
as shown in the main Fig. 3(a). The correlation time
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FIG. 3. (Color online) (a) Plot of Co(t) vs. t/tc is
shown for different σ. Inset: Variation of Co(t) with
time t is shown for different σ. Black circles, red
squares, blue diamonds, and maroon triangles up, are
for σ = 0.0, 0.001, 0.01 and 0.05, respectively. Solid lines
in the inset are exponential fitting of the numerical data.
Density of external agents ρa = 0.005. (b) The variation
of tc vs. σ is shown for three different values of ρa. Black
circles, red squares, and blue diamonds are numerical
data points for ρa = 0.005, 0.01 and 0.05, respectively.
Black solid line is power law fitting with exponent −0.4
of the numerical data points. Error bars are less than
the symbol size. N = 20000.
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FIG. 4. (Color online) (a) Plot Cn(t) is shown for four
different σ. Black circles, red squares, green diamonds,
and blue triangles are for σ = 0.0, 0.001, 0.01, and 0.05,
respectively. Solid lines are the exponential fitting of
the numerical data. (b) Plot of tn vs. σ is shown. Black
solid circles are numerical data and black solid line is the
power law fitting of the numerical data with exponent
∼ −0.4. Error bars are less than the symbol size. N =
50000.
tc decays with a power ∼ 0.4 with increasing σ, as
shown in Fig. 3(b). Therefore, the response of the
flock to an external perturbation becomes faster for
IS distribution. We also show that value of exponent
remains invariant for different density of the exter-
nal agents ρa = 0.005, 0.01 and 0.05 in Fig3 (b).
Furthermore, we claim that the accelerated response
is due to the more frequent update of neighbors for
large IS. We calculate the change in neighbor list
Y (t) with time t as defined in supplementary mate-
rial (SM). We note that the neighbours list is up-
dated more frequently for large IS. Furthermore, we
calculate the time lag t neighbor auto-correlation
function
Cn(t) =
〈∑T−t
t′=1(Y (t
′)− Y¯ )(Y (t′ + t)− Y¯ )∑T
t′=1(Y (t
′)− Y¯ )2
〉
, (6)
where Y¯ is the mean value of Y (t) over the total
time T and t < T [37]. 〈..〉 represents averaging
over 15 independent realizations. Faster decay of
Cn(t) means more frequent update of neighbour list.
We note that Cn(t) decays exponentially e
−t/tn with
time t as shown in Fig. 4(a). In Fig. 4(b), the al-
gebraic decay of tn (with a power ∼ 0.4) is shown
as a function of σ, which is similar to the variation
of tc with σ, as shown in Fig. 3(b). The frequent
update of neighbors of each SPP leads to the quicker
information transfer. To confirm that the two quan-
tities, tn and tc, are related, we show the movies of
the change in the neighbors list for a tagged par-
ticle and the response of the SPPs to the external
perturbation for σ = 0.0, 0.001 and 0.01 in [38], [39]
and [40], respectively. The movies show that the
SPPs slowly reorient along the direction of the ex-
ternal perturbation. The time required by the SPPs
to orient along the external perturbation decreases
on increasing σ. Also the neighbors of the particles
change more frequently for large σ, therefore, both
tc and tn decrease with the IS.
Conclusion:- We introduce a model for the col-
lection of SPPs moving with the IS on a two-
dimensional substrate, and such inhomogeneous sys-
tems are abundant in the nature. However, effect of
such inhomogeneity is rarely studied in theory and
simulations. In general the spatial inhomogeneity
into Vicsek like models destroy the long-range or-
dering [19, 20]. Surprisingly, our model with the IS
preserves the macroscopic LRO state found in the
homogeneous or the constant speed models[13, 15–
18]. Instead of destroying the LRO state, existence
of the IS helps the system to reach the LRO state
faster compared to the constant speed models or the
Vicsek like models [13, 15, 16]. Response of the flock
to an external perturbation is measured by intro-
ducing a few orientationally and spatially quenched
external agents.
We note that the IS of the SPPs enhances the re-
sponse of the flock to the external perturbation. The
flock state becomes homogeneous with increasing the
strength of the IS (σ), and it is easier to bend the ho-
mogeneous cluster along the external perturbation.
We show that the tc and tn decrease with increasing
σ, larger σ enhances the update in the neighbors and
which in turn helps faster exchange of information
inside the system.
Our model may be useful to understand the effect of
the IS on collective behavior in natural systems like
migrating birds or animals. Recently the experimen-
tal study by Lisicki et al. on unicellular eukaryotes,
e.g., flagellates and ciliates, find that the probabil-
ity distribution of swimming speed of the eukaryotes
does not follow the constant speed model [35]. We
hope this work will convince more scientists to con-
sider intrinsic inhomogeneity which helps in forma-
tion of flock state in active systems.
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